Abstract. In this paper an optimization of laminated arches is solved under condition that
INTRODUCTION
There is couple of papers solving vibration of arches, particularly the effect of sudden load impact. A coupled formulation based on the semi-analytical finite element technique is developed for composite arches conveying fluid is presented in paper [1] .
BASIC ARRANGEMENT
We start with introducing the polar coordinates z r 0 , which are derived from Cartesian coordinates xyz 0 . Components of the displacement vector are considered as:
, where r u is the displacement in the radial direction and u is the displacement in the circumferential (hoop) direction and z u w = is the displacement field in the axial direction, being uniformly distributed in the z -direction. The geometry of the entire laminated arch is depicted in Fig. 1 . Figure 1 . Geometry and coordinate system of the entire cylindrical arch
In this section focus is put on one lamina from laminate cylindrical segment (arch). The cylindrically anisotropic structure is described by Hooke's law in the selected lamina (the number of the lamina is dropped out as the relations are valid for all laminas, so that we can consider the following relations as typical one): (3) where is the mass density of the lamina under account, t is time. We solve now the declared problem on one layer (lamina) without eigenparameters in terms of the semi-analytical method. For this we introduce sine and cosine series and coefficient , which describes the position of a concrete term in the series. Express as . m = , where positive integer is the number of the wave in the Fourier series and m = / . The coefficient denotes the width of end points of the arch.
Expanding three components of displacements into sine and cosine series, introducing the plain strain state condition, and denoting the -th term depending only on r and z by U and V yields ( ) 
where and V U are unknown functions of r and z, W and is a function of z only, which need to be determined from the equations of equilibrium, and i is the imaginary unit, z is a constant to be also determined independently on . In particular, substituting (1) in the stressstrain relations gives stresses which, when substituted into the equations of equilibrium in cylindrical coordinates, provide the equations for evaluation of V U and in each lamina, while W is sought in entire structure, depending only on z.
Components of strains, (2) , and stresses, (3), are then expressed as (identification of the number in the series is dropped out), , cos , sin , cos
and for simplicity of derivation before and in what follows only one term of Fourier's series will be considered, i.e. = const., ) i exp( t E = . Then, the stresses are expressed as
Now the particular terms in equation of equilibrium (3) are derived as:
The first equation of equilibrium is listed as:
The second equation reads similarly as:
Now we concentrate our attention on the third equation and try to simplify it. It holds:
The last three equations create a simultaneous system of partial differential equations for unknown V U , and z . It is necessary to note that while the first two unknowns are valid locally inside each lamina the strain z holds for the entire structure.
Closing with the conditions that higher order derivatives of U and V by z are negligible, the terms in (7) and (8) belonging to rz G and z G disappear. Since the material coefficients are independent on the coordinates and z W = , the integration by z leads us to the relation describing the situation in the axial direction ( C is a function of r only):
PLAIN STRAIN
The above formulated equations are relatively very complicated, they are even nonlinear. They have to be solved in terms similar to folded plates (in our case folded arches) or folded strips. On the other hand some reasonable simplification can provide appropriate solution, which may be considered as precise enough approximation. In any case, if split pure plain strain and the influence of axial direction leads to a rigorous possibility on how to present the solution. Here we concentrate on plain strain part.
First, in what follows the assumption will be adopt: rr L L = , i.e. the isotropic medium is presumed inside all laminas, and moreover for such a medium it holds:
. Then the first equation of equilibrium is expressed as:
where 
and r is the average of radii in the trial lamina.
The solution of simultaneous equations (8) and (9) can be done using the substitution: ) exp(t r = . Then the above differential equations are solved in standard way to get roots of characteristic equation of the fourth order to the fundamental solutions: 
The fundamental solution for unknown amplitudes of displacements U and V follows as: 
where T is a square matrix following from the comparison of (17) and (16). The unknown integration constants are then expressed by the displacements on the boundaries of the k-th lamina. Substituting them back to (17) gives distribution of V U , in the lamina k in terms of the boundary displacements.
The last step in the computation is expressing the strains and stresses in each lamina. It is enough to use (17) and substitute them in the expression (2) to obtain strains and to (3) to get stresses.
OVERALL RESPONSE OF THE LAMINATED STRUCTURE IN THE PLAIN STRAIN STATE
In order to introduce interfacial conditions we try to express the above formulas in more compact way. Since our aim is to separate the series for distinctive laminas (k) to individual members ( ), for which equivalence between expressions for given k and can be defined. For this reason, identities (14), (15), and (17) are recorded in a comprehensive form as:
where:
K is a square symmetric matrix relating tractions and displacements along interfaces k a r = , and k b r = inside the lamina k. For the whole structure it has to hold on the interface between the layer k and k-1:
On the boundaries, for a r = and b r = the force-load (external load) has to be developed in Fourier series and the coefficients in it must be in compliance with the adjacent layers. From this consideration it follows that the linear algebraic system of equations can be stored as:
where the right hand side is the vector describing the interfacial radial and shear tractions, K is the stiffness matrix of the structure involving the eigenfrequency , U means the vector of radial and hoop displacements on the interfaces. Exactly in the same way the extension to the generalized plain strain can be formulated, although necessary tools have to be implied for non-linear system of equations. Since the laminas are assumed as very thin, reasonable simplifications can be applied.
EIGENPARAMETERS
The stress tensor was related with the strain tensor and the eigenstrain tensor through the material stiffness matrix, and the supposition is applied:
From these assumptions it follows that only two material coefficient describe each lamina.
The Hooke law can now be written as: Similarly to the displacements the eigenstrains will be expanded into series with theth components: 
Components of strains and stresses are then expressed as (identification of the number in the series is dropped out and the prime denotes derivative by r), in what follows only one term of Fourier's series will be considered, i.e. = const.:
The first equation of equilibrium is now expressed in terms of amplitudes of displacements and eigenstrains as: 
Hoop strain is derived as: In order to introduce interfacial conditions we try to express the above formulas in more compact way. Our aim is to separate the series for distinctive laminas (k) to individual members ( ), for which equivalence between expressions for given k and can be defined. For this reason, identities (20), (22), and (19) are recorded in comprehensive form as:
where K is a square matrix relating tractions and displacements along interfaces k a r = , and k b r = , Q is the matrix (3 x 4) relating the same tractions and eigenstrains inside the lamina k. On the boundaries, for a r = and b r = the force-load (external load) has to be developed in Fourier series and the coefficients in it must be in compliance with the adjacent layers. From this consideration it follows that the linear algebraic system of equations can be stored as:
where the right hand side is the vector describing the interfacial radial and shear tractions, K is the stiffness matrix of the structure, U means the vector of radial and hoop displacements on the interfaces, Q is the matrix of eigenstrain influences and eventually, is the vector of all eigenstrains in layer, which are in the layers uniform.
OPTIMAL PRESTRESS OF LAMINATED ARCHES
A thick-walled composite arch consisting of many different cylindrically orthotropic layers is loaded by arbitrary loading, preferably by surface tractions and by piecewise uniform in radial direction eigenstrains in selected layers. A theoretical framework is established for evaluation of internal stress fields. An optimization procedure is implemented to find eigenstrain distributions that adjust the eigenfrequencies and stresses in the layers to selected levels, while allowing the application of certain ranges of fiber prestrain magnitude to reduce fiber waviness. A particular fabrication process that utilizes fiber prestress as a source of the layer eigenstrains is analyzed, and a distribution of the fiber prestress forces is found that produces a desired distribution of the hoop and radial stresses in the arch wall. "Almost rigid" mandrel is used and an "almost rigid" box, the layers in which are created, is prepared for fabrication of the composite. Both mandrel and box stiffnesses and the chosen prestress magnitude in the first layer influence the distribution. It is shown that application of a high fiber prestress that is constant through the wall thickness can be harmful as it may generate very high hoop stress gradients.
One of the potential applications to composite materials is in structures subjected primarily to compressive loads, such as submersibles, pilot cockpits, aircrafts, etc. An incentive is the relatively high compressive strength of carefully fabricated thick samples, e.g. 1,140MPa (209ksi) in an AS4/3501-6 carbon/epoxy system; even the more frequently reported magnitude of about 700MPa for this system is attractive. Cylindrical, elliptic, or spherical shapes are typically preferred in such applications, and if the wall to diameter ratios is small, then, regardless of absolute size, the structure responds to external compression as a thin-walled cylinder or sphere, with a nearly uniform distribution of load-induced stresses through the wall thickness. However, significant residual stress gradients can be caused by fabrication and processing, e.g. by fiber prestresst hat may be needed to reduce fiber waviness, or by non-uniform cooling from the curing temperature. In superposition with external loads, the non-uniform residual stresses may lead to premature failure. The purpose of this chapter is to establish a theoretical framework for evaluation of optimal internal eigenstrain fields that generate prescribed stress distribution in laminated composite arches loaded by radial external pressure. Any number of different cylindrically orthotropic layers can be considered. It is shown that a high fiber prestress that is applied uniformly through the wall thickness may cause very unfavorable residual stresses. However a variable prestress can be identified to provide an optimal stress distribution in the structure. This chapter utilizes the theory outlined in previous sections. An application to the design of a stressed arch structure by one sine wave is presented.
Under the assumption of plane strain or plane stress in the width direction, by introducing stress components Hamilton's principle is applied to derive the equations of dynamic equilibrium and natural boundary conditions of an arch. In order to treat vibration and also possibel stability problems of an arch subjected to initial axial stress , i.e. in hoop direction additional work due to this stress which is assumed either to remain unchanged during vibrating and/or buckling or changing according to the displacement change during time dependent process is taken into consideration. Here only the first part is taken as the starting supposition.
The principle for the present problems may be expressed for an arbitrary time interval 1 t to 2 t as follows: . Ones the eigenparameters are determined form (43) (autonomic system is obtained and the value of one of the eigenparameters has to be selected and given), the equations (44) then provide us with the optimal eigenfrequency.
EXAMPLE
The arch has the following dimensions and material properties: the length l = 1 m, the external radius r = 2 m, the thickness = 5 mm, = 0.5 rad, E = 208 × 10 9 N/m2, = 7833 kg/m3, = 0.29. Five equidistant layers are considered through the thickness of the arch. A special layer is positioned in only one inner layer with E = 200 × 10 8 N/m2 and will move for successive examples from the layer one to five. The natural frequencies are calculated for these particular cases. They are displayed in Fig. 2 for results without eigenparameters (prestress). Number one belongs to the position of the weaker material in layer one, etc., the numbering is from the outer boundary to the lower one. In Fig. 3 the results from the current approach with the same geometry and material properties are depicted. The optimal eigenparameters and stresses are seen from the next picture, Fig. 4. . The results show that the eigenfrequencies heighten in optimized case. This fact is noticeable for weaker lamina at the lower position. If the weaker lamina is introduced at the outer position the differences between optimized and not optimized cases are not demonstrable.
CONCLUSIONS
In this paper new procedure for calculating optimal (a posteriori) prestress of laminated composite arch is suggested. The solution is presented in cylindrical coordinates and is formulated in pseudo-three dimensions. Semi-analytical solution is applied and waves in time and hoop direction separate the arguments of constitutive quantities into radial direction in which ordinary differential equations are to be solved. For isotropic case quite simple solution is obtained and very fast algorithm for computer can be created.
A series of examples of application of the presented approach consists in simplifying the problem to two dimensions. In the examples one weaker layer changes its position in the laminated composite. Two first natural (eigen) frequencies are compared: the results from the dynamics of structure without prestress and that from the current approach, in which all laminas are optimally prestressed but one prestress is selected according to requirement of excluding possible tension in laminas, for example. In case of weaker layers being located at the inner boundary the results are relatively improved by the prestress but if the weaker lamina is located at the outer boundary of the laminated composite structure almost the same results for optimally prestressed and without prestress is attained.
